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We make some comparisons concerning the induced inﬁnitesimal Kobayashi metric, the
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As a consequence, among others, we show that the moduli space has ﬁnite volume with
respect to the L2 Bergman metric. This answers a question raised by Nag in 1989.
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1. Introduction
In this paper, X is a compact Riemann surface of genus g  2. Let T (X) be the Teichmüller space of X . It is well known
(cf. [12]) that T (X) is a complex manifold of complex dimension 3g − 3, that the cotangent space of T (X) at S ∈ T (X) can
be identiﬁed with the space QD(S) of holomorphic quadratic differentials on S with ﬁnite L1 norm, and that the tangent
space at S is the space HB(S) of harmonic Beltrami differentials with ﬁnite L∞ norm.
There are many interesting (pseudo-)metrics on T (X). Among them, we have the most famous ones, the Teichmüller
metric and the Weil–Petersson metric. These two metrics have been studied extensively by many mathematicians. We also
have another three metrics arising from the classical Riemann surface theory [7,8,10,11,19,22]. Namely, the L2 Bergman
metric, the induced Siegel metric and the induced inﬁnitesimal Kobayashi metric which will be introduced later. Note that
there is a metric named after S. Bergman which is classically known as the Bergman metric. The Bergman metric is deﬁned
by the Bergman kernel function of T (X) when viewed as a complex manifold. It is [9] a complete, Kählerian metric which is
invariant under the mapping class group MCG. The L2 Bergman metric is a Hermitian metric of Weil–Petersson type which
is induced via the so-called canonical Bergman metric on the Riemann surface S obtained from the embedding of S into
its ﬂat canonically polarized Jacobian variety. This metric is deﬁned by Nag [19] in 1989 for the ﬁrst time, and introduced
separately by Habermann and Jost [7] in 1996, who showed that it is incomplete. The canonical Bergman metric is of
non-positive Gaussian curvature [14]. Huang [10] showed that its Gaussian curvatures are not bounded away from below,
nor from above, by any negative constant which is independent of the conformal structure of the surface. Huang [11] also
took a variational approach to study the L2 Bergman metric on T (X), and established it as the second variation of energy
functionals of chosen families of harmonic maps. By deﬁnition, the L2 Bergman metric is invariant under the mapping class
group MCG, thus descending to a metric on the moduli space M. Nag [19] raised the natural question that whether the
moduli space M has ﬁnite volume with respect to this metric.
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and the Teichmüller metric. In fact, we will show a little more. Our ﬁrst main result gives comparisons concerning the
induced Siegel metric dsB , the induced inﬁnitesimal Kobayashi metric dsK , the L2 Bergman metric dL2B and the Teichmüller
metric dT . The metrics dsB and dsK will be introduced in a short while.
Theorem 1.
1√
g
dsB  dsK  dL2B 
√
gdT .
Theorem 1 has two direct consequences.
Corollary 1. The metrics dsK and dsB on T (X) are incomplete.
Corollary 2. The moduli space M has ﬁnite volume with respect to dL2B , dsK and dsB , respectively.
The induced Siegel metric and the induced inﬁnitesimal Kobayashi metric on T (X) are deﬁned by embedding T (X) into
the Siegel upper half plane [22]. Recall that the Siegel upper half plane, which is denoted by Hg , consists of all symmetric
g × g complex matrices with positively deﬁnite imaginary part. Hg is a homogeneous bounded domain. By Ahlfors [1], the
complex manifold structure endowed on T (X) is the unique one such that the period mapping Π from T (X) to Hg which
sends a Riemann surface S to its period matrix P is holomorphic. There is, up to normalization, a unique symplectically
invariant Hermitian metric on Hg . This metric is known as the Siegel metric [23,24]. There is another related Finsler
metric [13,21,22], which is the inﬁnitesimal form of the Kobayashi metric on the complex manifold Hg . We call this metric
on Hg the inﬁnitesimal Kobayashi metric. Now, we can pull back the Siegel metric and the inﬁnitesimal Kobayashi metric
on Hg by the period mapping Π : T (X) → Hg , thus getting two (pseudo-)metrics on T (X). These will be metrics at points
where Π is regular, i.e. has a Jacobian of rank 3g − 3. These points in T (X) are exactly those corresponding to non-
hyperelliptic Riemann surfaces. On the hyperelliptic loci, the pull back objects are only pseudo-metrics. Nevertheless, we
will call them the induced Siegel metric and the induced inﬁnitesimal Kobayashi metric on T (X).
It is interesting to compare different metrics on T (X), different metrics would imply different geometric and topological
properties of T (X). Chen [3] showed that the Bergman metric and the Teichmüller metric are quasi-isometric on T (X).
In [15] and [16], Liu, Sun and Yau showed that the Teichmüller metric, the Carathéodory metric, the Bergman metric, the
McMullen metric [18], the Kähler–Einstein metric, the Ricci metric and the perturbed Ricci metric are quasi-isometric to
each other on T (X). Similar results are obtained by Yeung [27]. These metrics are complete ones. Both the Weil–Petersson
metric and L2 Bergman metric are Hermitian metrics deﬁned by L2 inner products, they are both incomplete [4,7,26].
However, the Weil–Petersson metric depends on the uniformization theorem, while the L2 Bergman metric does not. In
this paper, we will compare these two metrics quantitatively, on thick parts T(X) of the Teichmüller space and the whole
Teichmüller space, respectively. Namely, we will show the following
Theorem 2. For  > 0, there exists a constant C = C() which depends only on  , such that for any S ∈ T(X) and ν ∈ HB(S), we
have
‖ν‖2L2B  Cg‖ν‖2WP.
Corollary 3. There exists a constant CS depending on S, such that for any S ∈ T (X) and ν ∈ HB(S), we have
‖ν‖L2B  CS‖ν‖WP.
Note that Theorem 2 implies that the corresponding growth rate is linear in the genus g .
2. Preliminaries
In this section, references for Teichmüller theory and quadratic differential theory are [12] and [25], respectively.
Let X be a compact Riemann surface of genus g  2. Given a quasiconformal mapping f : X → S , we denote the pair
(S, f ) a marked Riemann surface. Two marked Riemann surfaces (S1, f1) and (S2, f2) are called equivalent if there is
a conformal mapping c : S1 → S2 which is homotopic to f2 ◦ f −11 . Denote by [S, f ] the equivalence class of (S, f ). The
Teichmüller space T (X) is the set of equivalence classes [S, f ].
The Teichmüller metric is deﬁned as
dT
([S1, f1], [S2, f2])= log{inf K ( f )},
where the inﬁmum is taken over all f : S1 → S2 in the homotopy class of f2 ◦ f −11 , and K ( f ) is the maximal dilatation of f .
The Teichmüller metric is a compete Finsler metric which is invariant under the mapping class group MCG, thus it descends
to the moduli space M = T (X)/MCG.
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two norms: the L1 norm
‖φ‖1 =
∫
S
∣∣φ(z)∣∣dxdy
and Bers’ supremum norm
‖φ‖∞ = sup |φ(z)|
λ(z)
,
where λ(z) |dz|2 is the hyperbolic metric on S . Both norms make QD(S) to be Banach spaces. Since, from the Riemann–Roch
theorem, the complex dimension of QD(S) is 3g − 3, we know that the L1 norm is equivalent to Bers’ supremum norm.
T (X) carries a natural complex manifold structure. The cotangent space T ∗S T (X) of T (X) at a point S can be identiﬁed
with the space QD(S) with L1 norm.
Now, we describe a general method [7,8,19] of generating a class of Hermitian metrics on T (X) from given Riemannian
metrics on Riemann surfaces.
Given a (conformal) Riemannian metric ρ = ρ(z) |dz|2 on a Riemann surface, there is a naturally induced Hermitian
metric on T (X) which is deﬁned as follows. On the cotangent space T ∗S T (X) = QD(S), the L2 co-metric induced by ρ is
given by the paring
〈φ,ψ〉ρ =
∫
S
φ(z)ψ(z)
ρ(z)
dxdy.
For example, when ρ is the hyperbolic metric, we obtain the Weil–Petersson metric.
The tangent space T S T (X) of T (X) at a point S = H/Γ is given by
B(H,Γ )/N(H,Γ ),
where B(H,Γ ) is the space of Beltrami differentials with ﬁnite L∞ norm and N(H,Γ ) is the space
N(H,Γ ) =
{
μ ∈ B(H,Γ ):
∫
S
μφ = 0 for each φ ∈ QD(S)
}
of inﬁnitesimally trivial Beltrami differentials.
There is a natural pairing between T ∗S T (X) and T S T (X), given by
〈μ,φ〉 =
∫
S
μ(z)φ(z)dxdy,
which characterizes the corresponding duality relation.
Now, given a metric ρ on a Riemann surface, the tangent space T S T (X) = B(H,Γ )/N(H,Γ ) can be identiﬁed with the
space
HB(H,Γ ;ρ) =
{
μ ∈ B(H,Γ ): μ = φ
ρ
: φ ∈ QD(S)
}
of harmonic Beltrami differentials.
Thus, by duality, the L2 co-metric on T ∗S T (X) induced by ρ gives a Hermitian metric on T S T (X) by
〈μ,ν〉ρ =
∫
S
μ(z)ν(z)ρ(z)dxdy
for μ,ν ∈ T S T (X). Correspondingly, the L2 norm of a tangent vector ν is given by
‖ν‖2ρ =
∫
S
∣∣ν(z)∣∣2ρ(z)dxdy. (1)
This ﬁnishes the deﬁnition of a class of Hermitian metrics on T (X) induced by Riemannian metrics on Riemann surfaces.
Recall that for the Weil–Petersson metric dWP (namely, we take the metric ρ in (1) to be the hyperbolic metric λ), the
Weil–Petersson norm of a tangent vector ν ∈ T S T (X) is given by
‖ν‖WP =
(∫
|ν|2λ
) 1
2
,S
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‖φ‖WP =
(∫
S
|φ|2
λ
) 1
2
.
The Weil–Petersson metric is an incomplete Kählerian metric which is invariant under the mapping class group MCG. The
moduli space M has ﬁnite volume with respect to dWP .
Now, we give the deﬁnitions of the canonical Bergman metric on a Riemann surface, and another three metrics on T (X),
namely, the L2 Bergman metric, the induced Siegel metric and the induced inﬁnitesimal Kobayashi metric.
First, we recall some necessary backgrounds from the classical Riemann surface theory [2,6]. Fix a set of 2g simple closed
curves on X which induces a canonical homology basis on X , i.e. a canonical basis of the ﬁrst homology group H1(X,Z).
We denote such a basis by {Ai, Bi}gi=1. For every [S, f : X → S] ∈ T (X), we have a corresponding set of simple closed curves
on S which induces a canonical homology basis on S . Without loss of generality, we still use {Ai, Bi}gi=1 to denote this latter
set.
On a compact Riemann surface S of genus g , the dimension of the space A(S) of holomorphic Abelian differentials is g .
There is a natural pairing between holomorphic Abelian differentials given by
〈ξ,η〉 = i
2
∫
S
ξ ∧ η. (2)
It is well known that, for a given canonical homology basis {Ai, Bi}gi=1 on S , there exists a unique set {wi}gi=1 of holo-
morphic Abelian differentials, such that∫
Ak
w j = δ jk, j,k = 1,2, . . . , g.
We call this set the canonical basis of A(S) with respect to {Ai, Bi}gi=1. Put
πi j =
∫
B j
wi, i, j = 1,2, . . . , g.
The g × g matrix P(S) = [πi j] is called the period matrix of S with respect to {Ai, Bi}gi=1. Recall that Riemann’s bilinear
relation implies that P(S) is symmetric, and that the imaginary part of P(S) is positively deﬁnite. Let Hg be the Siegel
upper half plane which consists of g × g symmetric, complex matrices with positively deﬁnite imaginary parts. Hg is a
homogeneous bounded domain. We have the period mapping
Π : T (X) → Hg,
S → P(S).
If we denote the imaginary part of πi j by yij , then Riemann’s bilinear relation simply shows
yij = i2
∫
S
wiw j . (3)
Following Royden [22], we deﬁne the induced Siegel metric and the induced inﬁnitesimal Kobayashi metric on T (X) in
the following paragraphs. First, we deﬁne the Siegel metric and the inﬁnitesimal Kobayashi metric on Hg . By Ahlfors [1],
the complex manifold structure endowed on T (X) is the unique one such that the period mapping Π : T (X) → Hg is
holomorphic. The mapping
P → B− 12 (P − A)B− 12
is a holomorphic automorphism of Hg onto itself which takes A + iB to i I , where I is the identity. This mapping takes a
tangent vector dP to Hg at A + iB into the tangent vector
dP ′ = B− 12 dPB− 12
at i I . Therefore, any invariant differential metric on Hg is given by specifying a norm for the matrix
dP ′ = Y− 12 dPY− 12 ,
where Y = P is the imaginary part of P . For each real orthogonal matrix O , the mapping
P → OPO T
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congruence.
From the above observations, the only invariant Hermitian metric on Hg is, up to normalization, given by
ds2B =
1
4
Tr
(
dP ′dP ′)
= 1
4
Tr
(
Y−1dPY−1dP), (4)
where Tr denotes the trace of a matrix. We call ds2B the Siegel metric on Hg [23,24].
Deﬁne the norm of dP ′ to be one half of the operator norm or equivalently to be one half of the absolute value of the
largest eigenvalue of dP ′ , then we get a Finsler metric dsK on Hg ,
dsK = 1
2
∥∥Y− 12 dPY− 12 ∥∥. (5)
Note that dsK is the inﬁnitesimal form of the Kobayashi metric for the complex manifold Hg [13,21]. This justiﬁes the name
“inﬁnitesimal Kobayashi metric” of dsK . By deﬁnitions, it is easy to see:
Lemma 1.
1√
g
dsB  dsK  dsB .
Pulling back dsB and dsK on Hg by the period mapping Π : T (X) → Hg , we get two pseudo-metrics Π∗dsB and Π∗dsK
on T (X), respectively. Note that Π∗dsB and Π∗dsK are real metrics at points where Π is regular, i.e. Π has a Jacobian
of full rank 3g − 3. Such points in T (X) are exactly those corresponding to non-hyperelliptic Riemann surfaces. On the
hyperelliptic loci, Π∗dsB and Π∗dsK are only pseudo-metrics. To shorten the notations, we will still use dsB and dsK to
denote Π∗dsB and Π∗dsK , respectively, on the Teichmüller space T (X); and we will still refer to these quantities as metrics
in an informal way. We call dsB and dsK on T (X) the induced Siegel metric and the induced inﬁnitesimal Kobayashi metric,
respectively.
Now, we give the deﬁnitions of the canonical Bergman metric and the L2 Bergman metric [7,8,19]. From the classical
Riemann surface theory, we can embed a Riemann surface to its Jacobian by the Abel–Jacobi mapping S → J (S), where
J (S) is the Jacobian of S , J (S) is equipped with its canonical ﬂat metric. Actually,
J (S) = A(S)∗/H1(S,Z).
The inner product on A(S) given in (2) gives a dual inner product on the dual vector space, and this makes J (S) a ﬂat torus
in the canonical way. The pull back metric on S is a conformal metric with respect to which the area of S is g . Denote this
metric by ρB , and call it the canonical Bergman metric on S . There is a unique canonical Bergman metric in each conformal
structure. Furthermore, ρB has non-positive Gaussian curvature [14].
The local expression of ρB = ρB(z) |dz|2 is given by
ρB(z) = i
2
g∑
i, j=1
wi(z)w j(z)(πi j)−1, (6)
where {wi}gi=1 is the canonical basis of A(S) with respect to a given canonical homology basis {Ai, Bi}gi=1, and [(πi j)−1]
denotes the inverse matrix of the matrix [πi j]. Note that ρB is independent of the choice of a canonical basis. If we
take {θi}gi=1 to be an L2 orthonormal basis (with respect to the inner product (2)) of A(S), then from (3) and (6) we have
ρB(z) = i
2
g∑
i=1
θi(z)θi(z). (7)
Now, we can deﬁne the L2 Bergman metric on T (X). The L2 co-metric on T ∗S T (X) = QD(S) is given by
〈φ,ψ〉L2B =
∫
S
φ(z)ψ(z)
ρB(z)
dxdy,
and on T S T (X), we have
〈μ,ν〉L2B =
∫
μ(z)ν(z)ρB(z)dxdy.S
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‖ν‖2L2B =
∫
S
∣∣ν(z)∣∣2ρB(z)dxdy. (8)
Denote the L2 Bergman metric by dL2B . Then by deﬁnition, this metric is invariant under the mapping class group MCG.
Thus it descends to the moduli space. Nag [19] deﬁned the L2 Bergman metric for the ﬁrst time and asked whether the
moduli space has ﬁnite volume with respect to dL2B . Habermann and Jost [7,8] studied the L
2 Bergman metric separately
and showed that dL2B is incomplete.
The following result of Rauch [20] gives the formula of the ﬁrst variation of the period matrix P(S).
Lemma 2. Let S = H/Γ , denote the period matrix by P(S) = [πi j]. For every μ ∈ B(H,Γ ), the derivative (dπi j)0[μ] of every πi j in
the direction of μ at the base point exists, and equals
(dπi j)0[μ] =
∫
S
wiw jμ,
where {wi}gi=1 is the canonical basis of A(S).
By Lemma 2, Royden [22, Theorem 3 and what follows] proved the following Lemma 3 for the induced inﬁnitesimal
Kobayashi metric dsK on T (X). Since we will use Lemma 3 and some related ingredients of its proof in [22], we now
recall brieﬂy the proof of equality (13) in Lemma 3. We will follow the corresponding notations in [22] in this process. Let
C = [Cik] = Y−1/2, where Y = [yij] is the imaginary part of P(S) = [πi j]. Set
ui =
g∑
k=1
Cikwk. (9)
Note that the ui here in (9) is a little different from that in Royden’s paper [22, pp. 397–399], and we will modify the
corresponding settings in [22, pp. 397–399] in what follows. In view of (3), direct calculation shows
i
2
∫
S
uiu j = δi j . (10)
Thus {ui}g1 is an orthonormal basis under the inner product given by (2).
By Lemma 2 and (9), we have
(
Y−
1
2 dPY− 12 )i j =∑
st
Cis
∫
S
wswtμCt j
=
∫
S
uiu jμ. (11)
Then, from (5) and (11), together with the symmetry property of the matrix [∫S uiu jμ], we get
dsK = 1
2
max
ξ
{∣∣∣∣∣
g∑
i, j=1
ξiξ j
∫
S
uiu jμ
∣∣∣∣∣
}
,
where the maximum is taken over ξ = (ξ1, ξ2, . . . , ξg) with ∑gi=1 |ξi |2 = 1. Thus, if we set
u =
g∑
i=1
ξiui, (12)
then from (10) we know
‖u‖2 = 〈u,u〉 = 1.
Finally, we arrive at
Lemma 3. For the induced inﬁnitesimal Kobayashi metric dsK on T (X), we have
dsK = max‖u‖=1
∣∣∣∣
∫
u2(z)μ(z)dxdy
∣∣∣∣ (13)
S
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3. Main results
Now we are ready to show the following comparisons.
Theorem 1.
1√
g
dsB  dsK  dL2B 
√
gdT .
Proof. The ﬁrst sign of inequality follows from Lemma 1.
We will show
dL2B 
√
gdT (14)
and
dsK  dL2B , (15)
respectively.
First, we prove (14). By Cauchy–Schwarz inequality, for each cotangent vector φ ∈ T ∗S T (X), we have
‖φ‖2T =
(∫
S
∣∣φ(z)∣∣dxdy)2
=
(∫
S
|φ(z)|
(ρB(z))
1
2
(
ρB(z)
) 1
2 dxdy
)2

∫
S
|φ(z)|2
ρB(z)
dxdy
∫
S
ρB(z)dxdy
= g‖φ‖2L2B .
Thus we get the reverse inequality on T S T (X) by duality.
To prove (15), we proceed with the descriptions given before Lemma 3. Consider those holomorphic Abelian differen-
tials u as given in (12). First, since
〈u,u〉 = 1,
we get from (2) that∫
S
∣∣u(z)∣∣2 dxdy = 1. (16)
Second, we have the following estimates
∣∣u(z)∣∣2 =
∣∣∣∣∣
g∑
i=1
ξiui(z)
∣∣∣∣∣
2

( g∑
i=1
∣∣ξiui(z)∣∣
)2

g∑
i=1
|ξi|2
g∑
i=1
∣∣ui(z)∣∣2
= ρB(z), (17)
where the last equality follows from (10) and the deﬁnition of ρB .
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∫
S
u2(z)μ(z)dxdy
∣∣∣∣
∫
S
∣∣u2(z)μ(z)∣∣dxdy

(∫
S
∣∣u(z)∣∣2 dxdy)
1
2
(∫
S
∣∣μ(z)∣∣2∣∣u(z)∣∣2 dxdy)
1
2

(∫
S
∣∣μ(z)∣∣2ρB(z)dxdy
) 1
2
= ‖μ‖L2B .
Now (15) follows from (13). 
Since the L2 Bergman metric is incomplete [7], we know from the above theorem that:
Corollary 1. The metrics dsK and dsB on T (X) are incomplete.
Note that from its deﬁnition the L2 Bergman metric is invariant under the mapping class group. A celebrated result of
Royden [21] says the mapping class group is isomorphic to the bi-holomorphic automorphism group of T (X). Thus the L2
Bergman metric is invariant under bi-holomorphic automorphisms of T (X). But for holomorphic mappings from T (X) to
itself, we note the following
Proposition 1. dL2B does not contract under holomorphic mappings from T (X) to itself.
Proof. The proposition follows from the following aspects:
The Kobayashi metric and the Carathéodory metric on a complex manifold are the largest and smallest metrics which
contract under holomorphic mappings from T (X) to itself [13].
The Kobayashi metric coincides with the Teichmüller metric on T (X) [21].
The Teichmüller metric and the Carathéodory metric are complete [5] metrics on T (X) while the L2 Bergman metric is
incomplete. 
Remark 1. From Lemma 1 and (15), one easily gets
dsB 
√
gdL2B .
By detailed calculations, Habermann and Jost [7, Lemma 6.3] also showed a similar result:
dsB  dL2B .
Corollary 2. The moduli space M has ﬁnite volume with respect to dL2B , dsK and dsB , respectively.
Proof. The corollary follows from Theorem 1 and the important fact that M has ﬁnite volume with respect to the Teich-
müller metric (cf. [18]). 
Remark 2. Corollary 2 answers a question raised by Nag [19] who asks whether the moduli space has ﬁnite volume with
respect to the L2 Bergman metric.
Next, we will give comparisons between dL2B and dWP on thick parts T(X) and on T (X), respectively. Recall that for
any  > 0, the -thick part T(X) ⊂ T (X) is the subset which consists of those Riemann surfaces with the property that the
corresponding length of every essential simple closed curve is at least  .
We have a uniform comparison between dL2B and dWP on each thick part T(X). Before demonstrating such a compari-
son, we state the following lemma which guarantees the uniform equivalence of the L1 norm and Bers’ supremum norm of
cotangent vectors in cotangent spaces ﬁbered over thick parts.
Lemma 4. For any  > 0, there exists a constant C = C() which depends only on  , such that for any S ∈ T(X) and φ ∈ QD(S), we
have
C‖φ‖1  ‖φ‖∞  C‖φ‖1.
For a proof of this lemma, see [17, Theorem].
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have
‖ν‖2L2B  Cg‖ν‖2WP.
Proof. Let {wi}gi=1 be an orthonormal basis of A(S) with respect to (2). Viewing (wi)2, i = 1,2, . . . , g , as holomorphic
quadratic differentials and applying Lemma 4, we have
‖ν‖2L2B =
∫
S
∣∣ν(z)∣∣2ρB(z)dxdy
=
∫
S
∣∣ν(z)∣∣2 g∑
i=1
∣∣wi(z)∣∣2 dxdy
=
∫
S
(∣∣ν(z)∣∣2λ(z)) g∑
i=1
|(wi(z))2|
λ(z)
dxdy

g∑
i=1
(
sup
|(wi(z))2|
λ(z)
)∫
S
∣∣ν(z)∣∣2λ(z)dxdy

g∑
i=1
(
C
∫
S
∣∣(wi(z))2∣∣dxdy
)∫
S
∣∣ν(z)∣∣2λ(z)dxdy
= Cg‖ν‖2WP. 
From the proof of Theorem 2, we have the following weaker result on the whole Teichmüller space.
Corollary 3. There exists a constant CS depending on S, such that for any S ∈ T (X) and ν ∈ HB(S), we have
‖ν‖L2B  CS‖ν‖WP.
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